Asymptotic profiles of solutions 
to viscous Hamilton-Jacobi equations 



Said Benachour 

Institut Elie Cartan-Nancy, Universite Henri Poincare 
BP 239, F-54506 Vandceuvre les Nancy cedex, France 
E-mail: benachou@iecn.u-nancy.fr 

Grzegorz Karch 

Instytut Matematyczny, Uniwersytet Wroclawski 
pi. Grunwaldzki 2/4, 50-384 Wroclaw, Poland 
Institute of Mathematics, Polish Academy 
of Sciences, Warsaw (2002-2003) 
E-mail: karch@math.uni.wroc.pl 

Philippe Laurengot 

Mathematiques pour PIndustrie et la Physique 
CNRS UMR 5640, Universite Paul Sabatier-Toulouse 3 
118 route de Narbonne, F-31062 Toulouse cedex 4, France 
E-mail: laurenco@mip.ups-tlse.fr 

February 1, 2008 



Abstract 

I 

The large time behavior of solutions to the Cauchy problem for the viscous 
Hamilton-Jacobi equation ut — Au + \Vu\ q = is classified. If q > q c := (N + 
2)/{N + 1), it is shown that non-negative solutions corresponding to integrable 
initial data converge in W l,p (M. N ) as t — ► oo toward a multiple of the fundamental 
solution for the heat equation for every p G [l,oo] (diffusion-dominated case). 
On the other hand, if 1 < q < q c , the large time asymptotics is given by the very 
singular self-similar solutions of the viscous Hamilton-Jacobi equation. 
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For non-positive and integrable solutions, the large time behavior of solutions 
is more complex. The case q > 2 corresponds to the diffusion-dominated case. 
The diffusion profiles in the large time asymptotics appear also for q c < q < 2 
provided suitable smallness assumptions are imposed on the initial data. Here, 
however, the most important result asserts that under some conditions on initial 
conditions and for 1 < q < 2, the large time behavior of solutions is given by 
the self-similar viscosity solutions to the non-viscous Hamilton-Jacobi equation 
zt + (Vzl 9 = supplemented with the initial datum z(x, 0) = if x ^ and 
z(0,0) < 0. 



Resume 

Nous classifions le comportement asymptotique des solutions du probleme de Cauchy pour 
l'equation de Hamilton-Jacobi avec diffusion u t — Au+ \ S7u\ q = 0. Si q > q c := (N+2)/(N+l), 
nous montrons que, lorsque t — ► oo, les solutions integrables et positives convergent dans 
H /1,p (R Ar ) vers un multiple de la solution fondamentale de l'equation de la chaleur pour tout 
p G [1, oo] (diffusion dominante). Ensuite, si 1 < q < q c , le comportement asymptotique 
est decrit par la solution tres singuliere auto-similaire de l'equation de Hamilton-Jacobi avec 
diffusion. 

En ce qui concerne les solutions integrables et negatives, la situation est plus complexe. 
Le terme de diffusion est de nouveau dominant si q > 2, ainsi que lorsque q c < q < 2 
pourvu que la donnee initiale soit suffisamment petite. Ensuite, pour 1 < q < 2, nous 
identifions une classe de donnees initiales pour laquelle le comportement asymptotique des 
solutions est donne par une solution de viscosite auto-similaire de l'equation de Hamilton- 
Jacobi zt + |Vz| 9 = avec la condition initiale (non continue) z(x,0) = si x / et 
3(0,0) < 0. 

Keywords: Diffusive Hamilton-Jacobi equation, self-similar large time behavior, Lapla- 
cian unilateral estimates. 

Mots-cles : Equation de Hamilton-Jacobi diffusive, comportement asymptotique auto- 
similaire, estimations unilaterales du Laplacien. 



1 Introduction 

We investigate the large time behavior of integrable solutions to the Cauchy problem 
for the viscous Hamilton-Jacobi equation 

(1.1) u t - Au + \Vu\ q = , i6R\ t>0, 

(1.2) u(x, 0) = uq(x) , xeR N , 

where q > 1. The dynamics of the solutions to (jl.lj) - (ll.2p is governed by two competing 
effects, namely those resulting from the diffusive term —Am and those corresponding 
to the "hyperbolic" nonlinearity iVul 9 . Our aim here is to figure out whether one of 
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these two effects rules the large time behavior, according to the values of q and the 
initial data uq. Since the nonlinear term | Vm| 9 is non- negative, it acts as an absorption 
term for non-negative solutions and as a source term for non-positive solutions. We 
thus consider separately non-negative and non-positive solutions. Let us outline our 
main results now. 

For non-negative initial data, it is already known that diffusion dominates the large 
time behavior for q > q c := (N + 2)/ (N + 1) and that the nonlinear term only becomes 
effective for q < q c [H IU [8]. We obtain more precise information in Theorems 12.11 
and 12.21 below. In particular, if q G (l,q c ) and the initial datum decays sufficiently 
rapidly at infinity, there is a balance between the diffusive and hyperbolic effects: the 
solution u(t) behaves for large t like the very singular solution to (11.11) . the existence 
and uniqueness of which have been established in [5], El 123] . 

For non-positive initial data, there are two critical exponents q = q c and q = 2, 
as already noticed in [21], and the picture is more complicated. More precisely, the 
diffusion governs the large time dynamics for any initial data if q > 2 and for sufficiently 
small initial data if q G (q c ,2), and we extend the result from [2"Tj Proposition 2.2] in 
that case (cf. Theorem 12.3} below). On the other hand, when q G (1, 2), we prove that, 
for sufficiently large initial data, the large time behavior is governed by the nonlinear 
reaction term. This fact is also true for any initial datum uq ^ if N < 3 and q is 
sufficiently close to 1. We actually conjecture that the nonlinear reaction term always 
dominates in the large time for any non- zero initial datum as soon as q G (l,q c ). 

Let us finally mention that, when q G (q c ,2), there is at least one (self-similar) 
solution for which there is a balance between the diffusive and hyperbolic effects for 
large times [7]. 

Before stating more precisely our results, let us recall that for every initial datum 
u G W /1 '°°(M 7V ) the Cauchy problem (ll.ip - (ll.2l) has a unique global- in-time solution 
which is classical for positive times, that is 

u G C{R N x [0, oo)) n C 2 ' 1 ^ x (0, oo)) . 

In addition, this solution satisfies the estimates 

(1.3) IKOIU < IKIloo and HVw^lU < IIVwoIU for all t > 0. 

Moreover, by the maximum principle, Uq > implies that u > and Uq < ensures 
that u < 0. We refer the reader to [U HJ [T7j for the proofs of all these preliminary 
results. In addition, a detailed analysis of the well-posedness of fll.ip - fll.2D in the 
Lebesgue spaces L P {R N ) may be found in the recent paper [7j. 

Notations. The notation to be used is mostly standard. For 1 < p < oo, the 
L p -norm of a Lebesgue measurable real- valued function v defined on ~R N is denoted by 
We will always denote by \\-\\x the norm of any other Banach space X used in this 
paper. Also, H^ 1 '°°(]R Ar ) denotes the Sobolev space consisting of functions in L°°(]R iV ) 
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whose first order generalized derivatives belong to L°°(R N ). The space of compactly 
supported and C°°-smooth functions in R N is denoted by C™(R N ), and C (R N ) is the 
set of continuous functions u such that 

lim sup = . 

R ->°° \x\>R 

For a real number r, we denote by r + := max{r, 0} its positive part and by r~ := 
max {— r, 0} its negative part. The letter C will denote generic positive constants, which 
do not depend on t and may vary from line to line during computations. Throughout 
the paper, we use the critical exponent 

iV + 2 



2 Results and comments 

As already outlined, the large time behavior of solutions to (jl.ip - fll.2jl is determined 
not only by the exponent q of the nonlinear term \Vu\ q but also by the sign, size, and 
shape of the initial conditions. In the present paper, we attempt to describe this variety 
of different asymptotics of solutions, imposing particular assumptions on initial data. 
In order to present our results in the most transparent form, we divide this section into 
subsections. 

2.1 Non- negative initial conditions 

In Theorems 12.11 and 12.21 below, we always assume that 

(2.1) u is a non-negative function in L\R N ) n W 1 ' QO (R N ) , u £ , 

and we denote by u = u(x,t) the corresponding non-negative solution of the Cauchy 
problem (jl.ip - (jl.2j) . In that case, we recall that t i — > \\u(t)\\i is a non- increasing 
function and that \Vu\ belongs to L q (R N x (0, oo)). In addition, 

(2.2) loo '■= h m / u(x,t) dx = / Uq(x) dx — / / \Vu(x, s)\ 9 dxds 

*^°°JR^ J R N J J R N 

satisfies 1^ > if q > q c and = if q < q c (cf. PQIHE], for details). Since we would 
have loo = || wo ||i > for the linear heat equation, we thus say that diffusion dominates 
the large time behavior when 1^ > 0, that is, when q > q c . 
We first consider the diffusion-dominated case. 

Theorem 2.1 Suppose A2.1\) and that q > q c . For every p G [1, oo], 

(2.3) lim t W2){1 ~ lM \\u(t) - IooG(t)\\ p = 



t— >oo 
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and 

(2.4) lim tW^-VpHVanvMft) - IooVG(*)L = 0. 

Here, G(x,t) = (Aiit)~ N ^ 2 exp(— |x| 2 /(4t)) is the fundamental solution of the heat equa- 
tion. 

When p — 1, the relation ( 12. 3p is proved in [8] and Theorem 12.11 extends the 
convergence of w(£) towards a multiple of to W 1,P (R N ), p G [1, oo]. 

Remark 2.1 Theorem 12.11 holds true when 1^ = (i.e. for g < q c ) as well, but in 
that case, the relation ( 12.31) says only that tends to as t — > oo faster than 

t -(JV/2)(l-l/p)_ 

Our next theorem is devoted to the balance case 1 < q < q c when a particular 
self-similar solution of ( 11.11) appears in the large time asymptotics. 

Theorem 2.2 Suppose ( QOp . Assume that q £ (l,g c ) ond, moreover, that 

2 — q 

(2.5) ess lim |x| a Mo(a;) = a = . 

|x|^oo g — 1 

For every p 6 [1, oo], 

(2.6) lim f W2)d-Vp)+(a-iV)/2 || u ( f ) _ ^( t ) || = o 

t^oo 

and 

(2.7) lim £ W2)(l-l/ P )+(a-iV)/2+l/2|| Vu(t) _ W (t)|| p = o, 

yj/jere W(ac,t) = r a/2 iy(xt~ 1/2 , 1) zs tfie very singular self-similar solution to ( ti.il) . 

For the existence and uniqueness of the very singular solution to (11.11) . we refer the 
reader to [5J [23] • Notice also that the initial datum u is integrable by assumption 
(12.5P since a > iV for 1 < q < q c . 

Remark 2.2 In the critical case q = q c , it is also expected that u(t) converges towards 
a multiple of G(t) with a correction in the form of an extra logarithmic factor resulting 
from the absorption term. This conjecture is supported by what is already known for 
non- negative solutions to the Cauchy problem w t — Au> + w^ N+2 ^ N = (see, e.g., [25] 
and the references therein). 

2.2 Non-positive initial conditions 

We now turn to non-positive solutions and assume that 

(2.8) u is a non-positive function in L 1 (R JV ) n W 1 '°°(R N ) , u . 
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We denote by u = u(x,t) the corresponding non-positive solution of the Cauchy prob- 
lem fll.ip - fll.2p . In that case, we recall that t i — > \\u(t)\\i is a non- decreasing function 
and put 

(2.9) Jqc := inf / u(x, t) dx — — sup ||«(t)||x G [— oo, — ||wo||i] • 

*>o J R N ' t>0 

Substituting u = —v in fll.ip - fll.2l) we obtain that v = v(x,t) is a non-negative 
solution to 

(2.10) v t - Av - \X7v\ q = 0, v(x,0) = -u (x), 
which has been studied in [7J HU [TTJ [21] . 

We start again with the diffusion-dominated case. 

Theorem 2.3 Suppose $2.8\) . 

a) Assume that q > 2. Then 1^ > —oo and |V«| belongs to L q (M, N x (0, oo)). 
In addition, 1^ is given by Ii2.2\) and the relations \2.$) and \2.J$ hold true for every 

v g [l,oo]. 

b) Assume that q G (q c , 2). There exists e = e(N, q) such that, if 
(2-11) lko||i||V Mo ||^ +1)g - (Ar+2) <^ 

then the conclusions of part a) are still valid. 

The fact that 1^ > — oo under the assumptions of Theorem 12.31 is established in 
[21], together with the relation (12. 3p for p = 1. We extend here this convergence to 
W 1,P (R N ), p G [l,oo]. 

The smallness assumption imposed in (12.111) is necessary to obtain the heat ker- 
nel as the first term of the asymptotic expansion of solutions. This is an immediate 
consequence of the following theorem and the subsequent discussion. 

Theorem 2.4 Suppose Ii2.8\) and that q G (g c ,2). 

a) There exists a non-positive self-similar solution 

V = V(x, t) = t-^/^~ l »V{xt~ l /\ 1) 

to U.l\) such that 

hm tW^-^WV&L = oo and lim tW^M/^ || W (t) |L = oo 

t— »oo t— »oo 

for all p G [1, oo]. 

b) There is a constant K = K(q) > such that, if Uq G W 2,00 (¥L n ) satisfies 

(2.12) IKHoc ||(A Mo )+||^ 2A? >K 
then 

(2.13) lim IKOHoo > 0. 
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The first part of Theorem 12 .41 is proved in [7] while the second assertion is new. Let 
us point out here that, for the Hamilton-Jacobi equation w t + | Vu> \ q = 0, the L°°-norm 
of solutions remains constant throughout time evolution, while it decays to zero for the 
linear heat equation. We thus realize that, under the assumptions of Theorem 12.41 b). 
the diffusive term is not strong enough to drive the solution to zero in L°° as t — > oo 
and the large time dynamics is therefore ruled by the Hamilton-Jacobi term |V«| 9 . 

Unfortunately, the conditions (12.111) and (12.121) do not involve the same quantities. 
Still, we can prove that if u fulfils 

(which clearly implies (12 . 12[) since q < 2), the quantity ||wo||i|| V«o||^ +1 ' )£ ' , ~ ( ' iV+2 ' ) cannot 
be small. Indeed, there is a constant C depending only on q and iV such that 

(2.14) (IKHoo \\D 2 u \\^) q{N+1)/2 < C\\uMVu \\i N ^ N ^. 

For the proof of ( 12. 14p . put B = ||wo||oo||-D 2 wo||oo 2//<? and note that the Gagliardo- 
Nirenberg inequalities 

INI*, < c \\vu4Z /{N+1) \\uo\\\ /(N+1) , 

HVtiolloo < C \\D\ \\^ +mN+2) ho\\\ /iN+2) , 

imply that 

l|v Mo ||^ )(7V+2) < 

< 

whence the above claim. 

We next show that the second assertion of Theorem 12 .41 is also true when q e (1, q c ). 

Theorem 2.5 Suppose A2. 8\) and that q G [l,q c ]- There is a constant K = K(q) > 
such that, ifu Q G W 2 '°°(R N ) fulfils then {2J3\) ho lds true. 

Furthermore, if N < 3 and 1 < q < 4/ (l + \/l + 2N), then K(q) = 0. 

We actually conjecture that K(q) = for any q G (l,q c ), but we have yet been 
unable to prove it. 

The last result confirms the domination of the Hamilton-Jacobi term for large times 
when (12.131) holds true and provides precise information on the large time behavior. 

Theorem 2.6 Let q G (1, 2). Assume that u G Cq(M. n ) fulfils A2.8\) and is such that 

(2.15) Moo := lim Hm^IIoo > 0. 

t— >oo 



C \\D\ \\t q){N+1) \\uo\\l- q 
C B-« N+ V \\u \\t N+1) \\uo\\ 
C llV^oll^ \\uo\\\ 



8 



S. Benachour, G. Karch, Sz Ph. Laurengot 



Then 

(2.16) lim \\u(t) - Z Mo 

t^oo 

where Zm x is given by 



(2.17) Z Moo (x,t) := - ( Moo - (g - 1) ( fj- q 



9/(9-1) \ + 



/or (x,t) G IR^ x (0, oo). In fact, Zm x is the unique viscosity solution in BUC(M, N x 
(0,oo)) to 

(2.18) ^ + |Vz| 9 = m E w x(0,oo) 

with the bounded and lower semicontinuous initial datum z(x, 0) = if x ^ and 
2(0,0) = -Moo. 

The last assertion of Theorem 12.61 follows from [23] . Moreover, -Zm^ is actually given 
by the Hopf-Lax formula 

Z M Jx,t)= inf {-M oo l {0} (y) + (?-l)r ,/(, ~ 1) k-y| ,/(, ~ :l) <" 1/(, " 1) } 



for (x, t) G x (0, oo), where l{o} denotes the characteristic function of the set {0}. 
Observe that Z Moo is a self-similar solution to (I2.18P since Z Moo (x,t) = Z Moo (xt~ 1 ^ q , 1). 

If iV = 1, the convergence stated in Theorem 12.61 extends to the gradient of u. 

Proposition 2.1 Assume that N = 1 and consider a non-positive function uq in 
W 1,1 (R) fl W 1,oa (R). Under the assumptions and notations of Theorem \2.b\ we have 
also 

lim t (i-i/ P )/ q \\ Ux (t)-Z Moo , x (t)\\ p = 

forpe [l,oo). 

In fact, if JV = 1 and u G W rl,1 (R) fl W 1,00 (R), the function U := u x is a solution 
to the convection-diffusion equation 

(2.19) U t -U xx + (\U\% = 0, xeR, t>0, 
with initial datum U(0) = uq x and satisfies 

(2.20) / U{x,t) dx= / u 0x (x) dx= 0, £>0. 



The large time behavior of non-negative or non-positive integrable solutions to (I2.19P 
is now well-identified [T2l [T5] but this is far from being the case for solutions satisfying 
(I2.20p . In this situation, some sufficient conditions on U(0) are given in [19] for the 
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solution to (I2.19P to exhibit a diffusion-dominated large time behavior. Also, conver- 
gence to iV-waves is studied in [20] but, for solutions satisfying (I2.20p . no condition is 
given in that paper which guarantees that U(t) really behaves as an iV-wave for large 
times. As a consequence of our analysis, we specify such a condition and also provide 
several new information on the large time behavior of solutions to (12.191) satisfying 
(I2.20p . Results on the large time behavior of solutions to equation (I2.19p satisfying the 
condition (I2.2(jp are reviewed in the companion paper [2J. 

We finally outline the contents of the paper: the next section is devoted to some 
preliminary estimates. Theorems 12.11 and 12.31 (diffusion-dominated case) are proved 
in Section 4 and Theorem 12.21 in Section 5. The remaining sections are devoted to 
the "hyperbolic" -dominated case: Theorems 12.41 and 12.51 are proved in Section 5 and 
Theorem 12.61 and Proposition 12. II in Section 6. 



3 Preliminary estimates 

Let us first state a gradient estimate for solutions to (11.11) which is a consequence of 
[H Theorem 1] (see also [T71 Theorem 2]). Note that, in this section, we do not impose 
a sign condition on the solution u to (II. ip . 

Proposition 3.1 Assume that u = u(x,t) is the solution to ( ti.ij) -( fTT^) corresponding 
to the initial datum Uq G W /1,00 (M Ar ). For every q > 1, there is a constant G\ > 
depending only on q such that 

(3.1) HV^IU <d KH^r 1 /*, forall t >0 . 

Proof. Setting v = u+ 1| u 1| oo ? it readily follows from (II. ip and the maximum principle 
that v is a non- negative solution to (11.11) . By jH Theorem 1], there is a constant C 
depending only on q such that 

\\Vv {q - 1)/q (t)\\ <Ct~ 1/q , t>0. 

II v 7 1 1 oo — 

Since = (q/(q — 1)) v x l q 'SJv ( - q ~ l ^ q and \u(x, t)\ < ||wo||oo; we further deduce that 

||Vu(f)IL = livt^iu < c \\v(t)\\ l J? IIW^OL < c HH# t- xt \ 

whence (13.11) . □ 
Next, we derive estimates for the second derivatives of solutions to (ll.ll) -( TE2l) when 

?e(l,2]. 
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Proposition 3.2 Under the assumptions of Proposition [XT], if q G (1,2], the Hessian 
matrix D 2 u = (u XiXj ) 1<{ . <N of u satisfies 

(3.2) D 2 u(x,t) < ily^H^ 9 jrf 
1 ; 1 ; " q (q ~ 1) t 

(3.3) D 2 u(x,t) < ^-^Jf Id, 

for (x,t) G R x (0, oo), where Gi is a positive constant depending only on q. 
Furthermore, if u G W /2,00 (IR 7V ), 

(3.4) D 2 u{x,t) < ||-D 2 u ||oo 

In Proposition 13.2] Id denotes the identity matrix of .Mjv(M). Given two matrices 
A and B in M N (R), we write A < B if A£ ■ £ < B£ ■ £ for every vector £ G R N . 

For q = 2, the estimates ( 13. 2j) and ( 13. 3D follow from the analysis of Hamilton [18J 
(since, if / is a non-negative solution to the linear heat equation f t = Af, the function 
— In / solves ( 11.11) with q = 2). In Proposition 13.21 above, we extend that result to any 
9 6(1,2]. 

Remark 3.1 The estimates ( 13.21) and H 3 . 3 1) may also be seen as an extension to a 
multidimensional setting of a weak form of the Oleinik type gradient estimate for 
scalar conservation laws. Indeed, if N — 1 and U — u x , then U is a solution to 
U t - U xx + (\U\ q ) x = in R x (0, oo). The estimates (JS2D and O then read 

£4 < C \\Um 2 oo q * _1 and < C ||«o||£- g)/9 ^ 2/<? 

for £ > 0, respectively, and we thus recover the results of [151 120] in that case. 

Proof of Proposition 13.21 For 1 < i, j < N, we put w io - = u XiXj . It follows from 
equation (II. ip that 

w ijtt - Awij 



-q (^\Vu\ q 2 (j[l u x k w JkjJ 

N N 

(3.5) = -q \Vu\ q ' 2 ^Wik w jk - q \Vu\ q ~ 2 ^u Xk w jk , Xt 

k=l k=l 

- q {q - 2) |Vm| 9 " 4 (Jl u *<< Wi >^J {^ Uxk Wjl ^j 



Consider now £ G R N \ {0} and set 

N N 



h X! & V' • 

i=l j=l 
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Multiplying (13.51) by & £j and summing up the resulting identities yield 

N / N \ 2 

h t -Ah = -q \Vu\ Q ~ 2 E ( E Wifc & ) ~ 9 |Vm|"~ 2 Vu ■ V/i 

fe=l \i=l / 



/AT JV 

(3.6) - g (g-2) |V«r 4 EE"** ^ & 

\i=l i=i 

Thanks to the following inequalities 

(N N \ 2 N N / N \ 2 

E E ^ 6 < i v«r 4 E K i 2 E E ^ & 
i=l i=l / j=l 3=1 \i=l / 

N / N \ 2 

< iv«r 2 £ h>«& ' 

fc=l \i=l / 

and 

N / N \ 2 

^ 2 <iei 2 E X>*& > 
fc=i \i=i y 

and since q < 2, the right-hand side of identity (13.61) can be bounded from above. We 
thus obtain 



N / N 



h t -Ah < -q (q- 1) \Vu\ q - 2 E E Wifc & -9 |Vm| 9 " 2 Vm- V/i 

fe=i \i=i / 

g (g- 1) |Vm| 9 " 2 



,2 



< -q \Vu\ q - 2 Vu-Vh 
Consequently 

(3.7) Ch < in M w x (0, oo) , 

where the parabolic differential operator £ is given by 

Cz :=z t -Az + q \Vu\ q - 2 Vu-Vz+ 9 (? ~ ^ 2 . 

On the one hand, since g G (1,2] and |Vu(a;,£)| < ||V«o||oo, it is straightforward to 
check that 



IIMOJIU ' l«l 2 l|v«„|| 2 - a 



oo 



satisfies £#i > with #i(0) > h(x, 0) for all x G R^. The comparison principle then 
entails that h(x,t) < Hi(t) for (x,t) G x (0, oo), from which we conclude that 

h( X ,t) < 11^(0)1100 < ip 2 «oiioo i?r, 
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q (q-l)t 

In other words, (13.21) and (13. 4p hold true. 

On the other hand, we infer from ( 13.11) that 

H2{t) - <? (g - 1) ' t>0 ' 

satisfies CH 2 > with ^(O) = +oo > h(x, 0) for all x G K^. We then use again the 
comparison principle as above and obtain ( 13.31) . □ 

Remark 3.2 Since q G (1,2] and Vw may vanish, the proof of Proposition 13.21 is 
somehow formal because of the negative powers of |Vm| in (13.61) . It can be made 
rigorous by first considering the regularised equation 

ul-Au e +{\W\ 2 + e 2 ) p/2 = 
for e G (0, 1), and then letting e — > as in [I]. 

In fact, we need a particular case of Proposition 13.21 
Corollary 3.1 Under the assumptions of Proposition HOI 

(3.8) Au(x,t) < ° 3 gpE! , 

(3.9) Au(x,t) < ° 4 , 

/or (x, t) G x (0, +oo) ; where C3 and C4 are positive constants depending only on 
q and N. 

Furthermore, if uq G W 2 '°°(R n ), 

(3.10) sup Au(x, t) < sup Auo(x) , t > 0. 

Proof. Consider i G {1, . . . , N} and define f = G by ^ = 1 and £j = if 
j 7^ i. We take £ = £ l in ( 13. 7p and obtain that Cu XiXi < 0, that is, 

K«)t - An x , Xi + g Vu.Vu XiXi + q (q - 1) | Vul 9 " 2 < 

in K x (0, 00). Summing the above inequality over i G {1, . . . , iV} and recalling that 



|A«| 2 <iV 



N 

2 



U 
i=l 

we end up with 

(Au) t - A (Au) + q \Vu\ q ~ 2 Vu.V (Au) + ^ \ Au \ 2 < 

in R N x (0,oo). We next proceed as in the proof of Proposition 13.21 to complete the 
proof of Corollary 13.11 □ 
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4 Diffusion-dominated case 

The proofs of Theorems 12.11 and 12.31 rely on some properties of the non-homogeneous 
heat equation which we state now. Similar results have already been used in [HI ETJ . 

Theorem 4.1 Assume that u = u(x,t) is the solution of the Cauchy problem to the 
linear non-homogeneous heat equation 

(4.1) u t = Au + f(x,t), xeR N ,t>0, 

(4.2) u(x,Q) = u (x), xeR N , 

with u G L 1 (M iV ) and f G L 1 (R iV x (0, oo)). Then 

(4.3) lim||tt(t)-/ oo G(t)|| 1 = 0, 

t— >oo 

where 

loo 

t— »oo 



lim / u(x,t) dx — J uq(x) dx + / / f(x,t)dxdt 

./R^ 



Assume further that there is p G [1, oo] suc/i i/ia£ /(i) G L P (R JV ) /or ever?/ t > 
and 

(4.4) lim t i+(jv/2)(i-i/ p) ||/(t)|| -o. 

t— s-OO 

Then 

(4.5) lim iW 2 )d-Vp) _ /ooG ( t ) || =0) 
and 

(4.6) lim tW2)(i-VP)+i/2 1| Vu ( t ) _ / x vG(f) || = . 

Proof. We first observe that the assumptions on uq and / warrant that 1^ is finite, 
and we refer to [8] for the proof of ( 14. 3ft . We next assume ( 14.4p and prove ( 14. 6ft . Let 
T > and £ G (T, oo). By the Duhamel formula, 

Vu(t) = VG(t - T) * u(T) + / VG(t - r) * /(r) dr. 



r 



It follows from the Young inequality that 



f (JV/2)(l-l/ P )+l/2 || Vu(t) _ VG(t _ T) # M(T) || p 
< C tW2)(l-l/P)+V2 /" (t _ r) - W 2)(l-l/p)-l/2 ||/( r )|| ldr 



T 



+ CtW^ 1 - 1 /^ 1 / 2 / (t-r)- 1 ' 2 \\f{r)\\ p dr 

J(T+t)/2 
/ x (JV/2)(l-l/p)+l/2 ,oc 

< c ^ / H/Mli, *■ 
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+ C sup {rW^ 1 - 1 ^ 1 ||/(r)|| p } / {t - r)- 1 ' 2 r- 1 ' 2 dr 

r>T J(T+t)/2 
f , n (JV/2)(1-1/j>)+1/2 ,00 

< J ^ \\!{r)\\ x dr 

+ CsupfrW^+Ml/WU . 

Also, classical properties of the heat semigroup (see, e.g., [TT]) ensure that 



lim t( Ar / 2 )( 1 - 1 /p)+ 1 / 2 



VG(t — T) * m(T) 



u(x,T) rfa;^ VG(t — T) 



and 



lim fW2)(i-Vp)+i/2 || VG(t _ T) _ VG(t)|l = 



t— »oo 



for every p e [1, oo]. Since, by elementary calculations, we have 



||V«(*)-/oo VG(t)|| p 
< ||Vu(*)-VG?(t-T)*u(T)|| p 



+ 



+ 



VG(t — T) * u(T) 
/ u{x,T)dx — I 



u(x,T)dx) VG(t-T) 



|| VG(t - T)|| p + l/ool ||VG(t — T) — VG(t)|| 



P ! 



the previous relations imply that 

hmsup ft^M/rt+VJ || Vu (t) - /«, VG(t)|| p 

ll/WHxdr + Bup^^ 1 - 1 ^ 1 ||/(r)|| p } 



< c 



The above inequality being valid for any T > 0, we may let T — > oo and conclude 
that (14. 6 p holds true. The assertion (14. 5 j) then follows from (14. 3[) and (14.61) by the 
Gagliardo-Nirenberg inequality. □ 

Proof of Theorem 12.11 Since u is non-negative, we infer from jH Eq. (17)] that 
there is a constant C = C(q) such that 

II v^- 1 ^*) IU < c \\u{t/2)\\t- l)/q r 1 / 2 , t > o. 

Also, u is a subsolution to the linear heat equation and therefore satisfies 

Ht)\\ p <\\G(t)*u \\ P <ct-^ 1 - 1 ^ ||«o||i, t>o, 
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for every p £ [1, oo] by the comparison principle. Since Vw = (q/ (q — 1)) u 1 / 9 Vu^ -1 ^ 9 , 
we obtain that 

t W2)(i-i/ P )+i |||v«(t)|'|L < C t(^+a-ff(^+i))/2 ^ 

t— >oo 

for p £ [1, oo], because g > (iV + 2)/(N + 1). Theorem 12.11 then readily follows by 
Theorem O with f(x,t) = -| Vu(x, t)\ q . □ 

Proof of Theorem I2.3L part a). Since q > 2, we infer from [21] that 1^ is finite 
and negative and that 

(4.7) Vu £ L q (R N x (0, oo)) . 

Setting 6 := ||Vit ||^ 2 , it follows from flOD that u ( - Am > -6 | Vm| 2 in R N x (0, oo). 
The comparison principle then entails that u > w, where w is the solution to 

w t — Aw = —b | Vw\ 2 , w(0) = Uq . 

The Hopf-Cole transformation h := e~ bw — 1 then implies that h solves 

h t -Ah = 0, h(0) = e' buo - 1 . 

Therefore, for t > 0, 

< -&w(:r,t) < h(x,t) < ||/i(t)||oo < C r^ 2 11/1(0)11! < C i^ 2 , 
since u £ L^R^) n L°°(R N ). Recalling that > u > w, we end up with 

(4.8) \\u(t)\\oo<Ct- N '\ i>0. 
It next follows from [TT] Theorem 2] that 

||V«(*)||oo<C ||w(t/2)||oo * _1/2 , t>Q, 
which, together with (14.81) . yields 

(4.9) ||V«(t)||oo < cr {N+1)/2 , t>0. 
Recalling fll.3|) . we also have 

(4.10) l|v«(*)||oo <c{i + ty( N+1 ^ 2 , t>o. 

We next put 

A(*):= sup {r 1 ^ ||Vt*(r)||i} , 

r£ (0,1) 
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which is finite by [7j. Since q > 2 and N > 1, we infer from the Duhamel formula and 
f TCTUj) that, for a e (0,1/2), 



t 1 ' 2 ||V«(t)||i < C \\uo\U + C t 1 ' 2 {t-r)- 1 ' 2 \\Vu{r)\\\dT 

Jo 

< C + Ct 1 ' 2 fit-r)- 1 ' 2 (l+ r )-(*-i)("+i)/2 ||V«(r)||i dr 

< C + C^ 2 f\t-r)-^ 2 {l+r)- 1 ^ 2 Atir) dr 

Jo 

< C + Ca- 1 ' 2 / (1 + r)- 1 r- 1/2 ^x(r) dr 
+ Ct^A^t) f (t-r)- 1 ' 2 ^—t- 1 ' 2 dr 

J{X-a)t 2 + t 

< C + Ca- 1 ' 2 f\l + r)- 1 r-^Axir) dr 

Jo 

+ CAi(t) [ (1-r)- 1 / 2 t- 1 ' 2 dr, 

Jl-a 



whence 



(1 - C a 1 ' 2 ) Ai(t) < C(a) (l + j\l + r)- 1 r^A^r) dr^j . 
Consequently, there is a G (0, 1/2) sufficiently small such that 

< := C(a ) (l + jf (1 + t)- 1 r^^r) dr) 



for t > 0. Now, for t > 



dt 

from which we deduce that 



(t) = C(a ) (1 + r 1/2 A(t) < C(a ) (1 *- 1/2 Bi(t) 



A(0 < < Bi(0) exp jc(a ) ^ (1 + r)- 1 t' 1 ' 2 dr J < C(a ) • 
We have thus proved that 

(4.ii) || v«(t) || i< cr 1 ' 2 , t>o. 

We finally infer from f)4.9p . (14.111) and the Holder inequality that 
t Wm-V P )+t |||Vn(t)HI P < C _ 
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for p G [l,oo], and we conclude as in the proof of Theorem 12 .![ □ 

Proof of Theorem 12 .31 part b). Since q G (g c , 2), we obtain from [2TJ that there 
is £ > such that, if Uq fulfils ( 12. lip , then 1^ is finite and negative and there are C > 
and 5 > such that 

(4.12) \\Vu(t)\\l < c r 1 (1 + 1)- 5 , t>0. 
In particular, 

(4.13) |Vu| 9 G L 1 (IR Ar x (0,oo)) and lim t \\\Vu(t)\% = . 
We next claim that 

(4.14) llVu^Hoo < CfW, t>0. 

Indeed, we fix r G (g c , g) such that r < N/(N — 1) and define s = r/(r — 1) and a 
sequence (rj)j> by 

1 , (JV+ 1) r - (N + 2) g 

r = - and r i+1 = h - n , i>0. 

q 2r r 

We now proceed by induction to show that, for each i > 0, there is K{ > such that 

(4.15) WVuftWoo < Ki (t-W+W + r*) , t>0. 

Thanks to (13.11) . the assertion (14. 15j) is true for i = 0. Assume next that (14.151) holds 
true for some i > 0. We infer from (14. 1211 . (14.151) and the Duhamel formula that 

||Vu(*)||oo < G 
+ C 

< C 
+ C 

< c 

where 

J(t):= /"( f _ T )-W2)(l-l/r)-l/2 ( r -(iV+l)/2 +T - ri )^ r -l/- dr . 
it/2 



ko||i r (7V+1)/2 + C / (t-r)-^ +1 )/ 2 ||Vu(r)||«dr 
Jo 

( t _ r )-(iv/2)(i-i/r)-i/2 ||Vn(r)||^ dr 

t/2 

t/2 



t~ (N+m [\\*°Wi + J HVti(r)|||dT 




t 

( t _ r )-W2)(i-i/r)-i/2 ||v M (r)||^ r ||Vu(r)||«/ a dr 

t/2 



t -(N+l)/2 + C J(t) 
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Since r < N/ (N — 1) and q > q c , we have 



l(t) < 



< 



< 



< 




(gn)/r\ T -l/ a dT 



for t > 1. Consequently, for t > 1, 



while ( 11.31) implies that the same inequality is valid for t £ [0, 1] for a possibly larger 
constant K i+ i. Thus (I4.15P is true for i + 1, which completes the proof of (14. 15ft . To 
obtain (I4.14p . it suffices to note that r.; — > oo since q > r. 

Now, owing to (14.131) and (I4.14p . we are in a position to apply Theorem 14.11 and 
conclude that (12.31) and (12. 4p holds true for p = 1 and p = oo. The general case 
p E (1, oo) then follows by the Holder inequality. □ 

5 Convergence towards very singular solutions 

The goal of this section is to prove Theorem 12.21 Recall that we assume that 1 < q < q c 
and that Uq is a non-negative and integrable function satisfying in addition 



with a = (2 - q)/(q - 1) G (N, oo). We define 

R(u ) := inf {R > , \x\ a u (x) < >y q a.e. in {\x\ > R}} , 

where 7 9 := (g — l)^- 2 )/^- 1 ) (2 — g) _1 and observe that R(uq) is finite by (15.11) . 
Denoting by u the corresponding solution to (II. ip and introducing 



we infer from Lemma 2.2 & Proposition 2.4] that there is a constant C\ depending 
only on iV and q such that 



(5.1) 



ess lim |x| a u (x) = , 

\x\^OD 




(5.2) 



t (a-N)/2 m^|| i+t a/a 



oo 




for each t > t(m ) and 



(5.3) 



u(x, t) < T q (\x 



R(U )) 



t > 



x\ > R(u ) . 
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Here, T q is given by T q (r) = jq r a , r G (0, oo). 

Let us observe at this point that decay estimates for Vw(t) in LP can be deduced 
from (j5.2p and the Duhamel formula. 

Lemma 5.1 For p G [l,oo], there is a constant C(p) depending only on N, q and p 
such that 

(5.4) t ((a+i) P -N)/2 P \\v u (t)\\ LP <C{p) for t>r(u ). 

Proof. Indeed, since u is non-negative, it follows from [H Theorem 1] that 

for t > 0, which, together with ( 15.21) and the Duhamel formula entails that, for t > 

||Vu(t)||i < \\VG(t/2)*u{t/2)\\ 1 + I \\VG(t - s) * \Vu\% ds 

Jt/2 



t/2 

< cr 1/2 |K*/ 2 )ili + c / (t-sY 1 ' 2 \\Vu {q - l)/q {s)\\ q \Hs)h ds 

Jt/2 



< cr^ 2 + c f {t - s)- 1 ' 2 s -(«+ 2 -^)/ 2 ds 

Jt/2 

< Q t -( a +l-N)/2 _ 

Interpolating between ( 15.2ft and the above estimate yields ( 15. 4ft . □ 

In order to investigate the large time behavior of u, we use a rescaling method and 
introduce the sequence of rescaled solutions (uk)k>i defined by 

u k (x,t) = k a u(kx,k 2 t) , (x, t) G M. N x [0, oo) , fc > 1 . 

Lemma 5.2 For k > 1, we have 

(5.5) t^/ 2 \\ Uk (t)\\i + t a/2 IMt)|u + t (a+1)/2 liv^^iu < d 

/or t > r k : = t(uq) k~ 2 and 

(5.6) Mfe (x,t) <r,(|a;|-^l) /or |ac| > and t > . 

Proof. It is straightforward to check that, for each k > 1, u k is the solution to ( 11. ip 
with initial datum Mfc(O) and satisfies estimates ( 15.51) and ( 15. 6ft as a consequence of 
(J52D and (Oft . □ 

We next use ( II. ip and the non-negativity of to control the behavior of u k (x,t) 
for large x uniformly with respect to k. For k > 1, t > and > 0, we put 

(5.7) I k (R,t) := [ u k (x,t)dx + [ [ \Vu k (x,t)\ q dxdt . 

J{\x\>R} Jo J{\x\>R} 
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Lemma 5.3 For every T > 0, we have 

(5.8) lim sup sup I k (R,t)=0. 

R ^°° k>i te[o,T] 

Proof. Let g be a non-negative function in C°°(WL N ) such that < g < 1 and 

g(x) = if |x| < — and g(x) = 1 if \x\ > 1 . 

For R > and x G R , we set gn{x) = g(x/R). As u& is a non-negative solution to 
(II. ip . we have 

h(R,t) < / u k (x,t) q r (x) dx + / / |Vw fe (x, s)| 9 g R (x) dxds 



< J Uk(x, 0) gii(a;) dx + J J u k (x,s) \Ag R (x)\ dsds 
(5.9) < jfe 0- * f u {x) dx + / / w fc (x,s)dxds. 

i{|x|>fciJ/2} " JO J{R/2<\x\<R} 

Owing to (15. ip and (15. 6p . we further obtain that, for R > 1 + 4 R(u ), 



i k (R,t) < k«~ N I r 9 fM) 

J{|x|>fcR/2} V Z / 



-R 2 ./o </{-R/ 2 <M<^} V ^ / 



-/{ J R/2<|a;|<H} \ 4 



< c(t, e ) ir (a - w) . 

Lemma [5.31 then readily follows since a> N. □ 
We finally study the behavior of u k for small times. 

Lemma 5.4 Let r > 0. There is a positive constant C(r) depending only on q, N and 
r such that 

(5.10) / u k (x,t) dx <C(r) I sup {\x\ a u (x)} + 1 

J{\x\>r} \\x\>kr/2 

for t > r k and k > 4 R(u )/r. 

Proof. We fix r > and use the same notations as in the proof of Lemma 15.31 
Thanks to the properties of g, we infer from (I5.9P with R = r that, for t > r k and 
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k > 4 R{u )/r, 

u k (x,t) dx < I u k (x,t) Q r {x) dx 



L 



{\x\>r} 

< k a ~ N I uq(x) dx 



'{\x\>kr/2} 

+ — ^ / I u k {x,s) dxds 

r JO J{r/2<\x\<r} 

< C{g,r) I sup {\x\ a u {x)} + 1 

\\x\>kr/2 

where we have used (15.61) to obtain the last inequality. □ 

Proof of Theorem 12.21 Owing to Lemma [5.21 and Lemma [5.31 we may proceed as 
in [H Theorem 3] to prove that there are a subsequence of (u k ) (not relabeled) and a 
non-negative function 

Uoc E C((0, oo); L\R N )) n L q ((s, oo) x R N )) n L°°(s, oo; W 1,0 °(R N )) 

satisfying 

«oo(0 = G(t - s) * Uqo (s) -J G(t — t) * IVmoo^)! 9 dr 

and 

(5.11) lim sup \\u k (r) - «oo(t)||i = 

for every s > and t > s. 

It remains to identify the behavior of as t — » 0. On the one hand, consider 
r > and £ > 0. Since r k — ► as — > oo, we have t > r k for large enough and it 
follows from Lemma [5 A\ ( 15. lft and ( 15. lip that 



< / Moo(a;,t) c/x < C(r) i. 

V{|x|>r} 

Consequently, 

(5.12) lim / Uoofajt) dx = . 

J{\x\>r} 

On the other hand, consider M > and set ku '■= M l ^ a ~ N \ For > k^, we denote 
by ffc the solution to (11.11) with initial datum ffc(0) given by v k (x, 0) := M k N u (kx), 
x G R N . Since a > iV, we have v k (0) < u k (0) for k > ku and the comparison principle 
warrants that 

(5.13) v k (x,t) < u k (x,t) , (x, t) E R N x [0, oo) , k > k M . 
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We next observe that (vfc(O)) converges narrowly towards (M ||«o||i) $ as k — > oo (5 
denoting the Dirac mass at x = 0). We then proceed as in [1] to conclude that 

lim sup \\v k (r) - SW(V)||i = 

for every s > and t > s, where Sm denotes the unique non-negative solution to ( 11.1ft 
with initial datum (M ||wo||i) 8 (3J- Recalling ( 15. lip and ( 15.131) . we realize that 

t), (i,i)efx(o, 

The above inequality being valid for any M > 0, it is then straightforward to deduce 
that 

(5.14) lim / u QO (x, t) dx = oo . 

J{\x\<r} 

In other words, Uoo is a very singular solution to ( 11.11) and the uniqueness of the 
very singular solution to (11.11) (cf. [31 [23]) implies that = W, where W is the very 
singular solution to (II. ip . see Theorem l2.21 The uniqueness of the limit actually entails 
that the whole sequence (ttfc)fc>i converges towards W in C([s, t]; L 1 (WL N )) for s > and 
t > s. Expressed in terms of u, we have thus shown that 

(5.15) \im&- N)/2 \\u(t)-W(t)\\ 1 = 0. 

t— >oo 

Finally, it follows from (15.21) . (15.15ft and the Gagliardo-Nirenberg inequality that (12. 6p 
holds true. 

The last step of the proof is to obtain the convergence ( 12.7ft for the gradients. 
Consider p 6 [1, oo], t > and a G (0, 1). By the Duhamel formula, we have 

A p (t) := t«a+i)p-A0/2 P \\V(u-W)(t)\\ LP 

< t « a+1 ^- N V 2p ||VG((1 - a)t) * (u - W)(at)\\ LP 

+ t((-+i)f-^)/ 2 P f \\VG(t-s)*(\Vu(s)\ q -\VW(s) 

J at 

< C{a) &- N ^ 2 \\(u- W) (erf) ||i 

+ C t « a+ V p - N V*P [\t-s)-V 2 s- 1 ' 2 \\V{u-W){s)\\ LP ds, 

J at 

where we have used the fact that 

max{||Vu(s)|| 00 , ||W(s)IU < C s'^ 2 

by (15. 2p and the properties of W in order to obtain the last inequality. Consequently, 
by the definition of A p (t) and the change of variables s > ts, we obtain 

A p (t) < C{a)&~ N ^ 2 Wiu-W^at)^ 



\ q )\\ LP ds 
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+ C f «a+l)p-N)/2p / ( t _ s )-l/2 s -l/2 s -((a + l) P -JV)/2 Pi4p(s)ds 
J at 

< C{a) t^ a ~ N ^ 2 ||(«-^)(at)||i 

+ C t {I - s)- 1 ' 2 s~ 1 ' 2 s~^ p ~ N ^ A p {st) ds . 



Now, introducing 

Ap(oo) := limsup > 0, 

which is finite by (15.41) . we may let t — > +oo in the above inequality and use (15.151) to 
conclude that 

M°°) < c f\i - s)- 1 ' 2 s~ 1 ' 2 s -t(-+np-N)/2 P ds Ap(oo) 



Finally, the choice of a < 1 sufficiently close to 1 readily yields that A p (oo) = 0, from 
which ([22]) follows. □ 



6 Proofs of Theorems 12.41 and 12.5 



Proof of Theorem 12.41 part a). The required non-positive self-similar solution 

V = V(x,t) = ( x r V2 j !) 

is constructed and studied in [TJ Theorem 3.5]. In particular, it is shown that the self- 
similar profile V(x) := V(x, 1) is a radially symmetric bounded C 2 function. Moreover, 
the profile V and its first derivative V both decay exponentially as \x\ — > oo (see [3, 
Proposition 3.14]) □ 

Proof of Theorem 12.41 part b). Recall that by assumption (12.81) . u = u(x,t) is 
a non-positive solution to (11.11) . For t > 0, we put m(t) = inf {u(x, t) , x G M. N } < 0. 
The comparison principle ensures that t i— > m(t) is a non-decreasing function of time 
and 

moo := sup m{t) G (— oo, 0] . 

t>o 

Since u is a classical solution to (11.11) . it follows from (11.11) that 



u(x, t) < Uq(x) + 



/ Au(x,t) dr < uq(x) + / sup Au(y,r) dr 

J0 J0 y£R N 



for every x G M> N and t > 0. Therefore, 

m(t) < — ||mq||oo + / sup Au(y,r) dr 

Jo y£R N 
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and we infer from (I3.9P and (I3.10P that 

m(t)<-|M|oo + T ||(A Uo ) + |L + C \\u \\t q)/q fr-^dr 

Jt 

for T > and t > T. Since q < 2, we may let t — > oo in the above inequality and obtain 
with the choice T = ||iio||oo 9 ^ 2 ||(Amo) + || 00 ^ 2 that there is a constant K depending 
only on q such that 

(6-1) moo < -WMoo + K** ||(Au ) + ||^ )/2 \\u \\t q)/2 - 

Therefore, if ||wo||oo > K \\(Au ) + \\^ q ^ q , we readily conclude from (16.1 p that < 0, 
whence (OBjl . " □ 

Proof of Theorem 12.51 The proof of the first assertion of Theorem 12.51 is the same 
as that of Theorem 12 A\ part b), hence we skip it. We next assume that iV < 3 and 
that 1 < q < 4/(1 + y/l + 2N). For t > 0, we put 

£(t) := ||n(t)|U \\(Au(t)) + \\^ 2/q . 

Since u is a non-positive subsolution to the linear heat equation, we infer from classical 
properties of the heat semigroup that 

IK*)IU> \\G(t)*u \\oo>Ct- N / 2 

for t large enough. As q < 2, this estimate and ( 13. 9ft entail that, for £ large enough, 



i(t) >Ct^ 2 -^- Nc > 2 ^ 2 -^oc 

t— >oo 



since g < 4/(1 + \/T+ 2N). Consequently, there exists to large enough such that 
£(to) > K(q) and we may apply the first assertion of Theorem 12.51 to t \ — >■ u(to + 1) to 
complete the proof. □ 

Under the assumptions of Theorem 12.41 part b) or Theorem 12.51 we may actually 
bound the L 1 -norm of u(t) from below and improve significantly [211 Proposition 2.1]. 

Proposition 6.1 Assume that uq satisfies ( Qj 80 and that 

Moo := lim ||w(t)||oc > 0. 

Then there is a constant C = C(N,q,uo) such that 

(6.2) K*)||i > C t N / q , t>0. 
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Proof. We fix t > 0. For k > 1, let x k e R N be such that ||w(t)||oo - 1/k < —u(x k ,t). 
For R > 0, it follows from (13.11) and the time monotonicity of ||w(t)||oo that 



> — / u(x, t) dx 



> / (-u(x k ,t) - \x - x k \ ||Vw(0l|oo) 

'{|as-x fc |<fl} 

n I ii /All 1 \ °1 ii nl/q 



> Mlf*, - ~ - C R r l/q 

Letting k -> oo and choosing i? = (M M t 1 / 9 ) /(2 C") yields the claim flOJ). □ 



7 Proof of Theorem 12.61 and Proposition 12.11 



Proof of Theorem 12.61 

STEP 1. Recall that, by (12.81) . uq is a non-positive function. We assume further that 
Uq is compactly supported in a ball B(0, R ) of R N for some R > 0. 
For A > 1, we introduce 

u x (x, t) := u(Xx, XH) , (x, t) eR N x (0, oo) , 

which solves 

(7.1) u x ,t + | Vma| 9 = A 9-2 Au x in R N x (0, oo) 
with initial datum ux{0). 

Lemma 7.1 There is a constant C = C(N, q, ||wo||oo) such that, for t > and A > 1, 

(7.2) K(*)IU + * 1/9 \\Vux(t)\\oo + t \\ux, t (t)\\oo < C . 
Proof. It first follows from ( Oj) that 

||wa(*)||oo = ||^(A 9 t)||oo < ||«o||oo , 

while Proposition 13.11 yields 

||Vu A (t)||oo = A ||V«(A ff t)||oo < C x ||u ||^ r 1 ^ . 
We next infer from [161 Theorem 5] that 

IKt(t)||oo = A 9 |K(A s t)||oo < A 9 C(iV,g) IKolU (A^)" 1 = C(AT,g) t" 1 , 
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which completes the proof. □ 

Owing to Lemma 17.11 we may apply the Arzela-Ascoli theorem and deduce that 
there are a subsequence of (u\) (not relabeled) and a non-positive function Uoo G 
C(R N x (0,oo)) such that 

(7.3) Ux ► in C(B(0,R)x(t h h)) 

for any R > and < ti < t 2 . It also follows from (17.31) and Lemma 17.11 that 
Moo(t) G BUC(R N ) and satisfies 

(7.4) ||«oo(*)lloo + * V<? llVtioo^Hoo + t Ko,t(t)||oo<C 

for each t > 0. We next introduce the function Hx ■ R x R N x S N (R) ->• R defined by 

#a(£o,£,S) := £ + " A 9 " 2 tr(5), 

where <Sjv(R) denotes the subset of symmetric matrices of .Mjv(R) and tr(S') denotes 
the trace of the matrix S. On the one hand, we notice that (17. ip reads 

Hx(u x ,t, Vu x , D 2 ux) = in R N x (0, oo) 

and that Hx is elliptic. On the other hand, Hx converges uniformly on every compact 
subset of R x R N x S N (R) towards ^iRxl^R given by #oo(£o, := £o + \£\ q - 
Therefore, for every r > 0, Uoq(.+t) is the unique viscosity solution to (12. 181) with initial 
datum Uoo(t) ( see, e.g., [TO], Proposition IV. 1] and (9j Theorem 4.1]). In addition, since 
Uoo(r) is bounded and Lipschitz continuous by (I7.4p . we infer from [HI Section 10.3, 
Theorem 3] that Uoo(. + r) is given by the Hopf-Lax formula 

(7.5) Uoo (x, t + r)= inf { Uoo (y, r) + (q - 1) q-i/^-i) \ x _ r Vfo-i) } 

for (x,t) G x [0,oo). 

It remains to identify the behavior of Uoo(t) as t — > 0. Consider first a; G R^, 
i G (0, oo) and s G (0,t). We infer from (j33) and (JZ3J that 

ux(x,t) < u\(x, s) + A 9 ~ 2 y Aua (sc, cr) 

< n A (s,s) + A^ 2 y A 2 C (A%)~ 2/g da 

< u x (x, s)-C X q - 2 {t^-V/i - s {q - 2)/q ) . 

Since q G (1,2), we may pass to the limit as A — > oo in the previous inequality and 
use (17.31) to deduce that t i— > Uoo(x, t) is non-increasing for every x G R . Since is 
bounded by (17.41) . we may thus define «oo(0) by 



(7.6) Moo(^, 0) := sup {iioo(i, £)} G (— oo, 0] for a; G 

t>o 
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In particular, «oo(0) is a lower semicontinuous function as the supremum of continuous 
functions. 

More information on Moo(O) are consequences of the next result. 
Lemma 7.2 For each t > 0, there is g(t) > such that Uoo(x,t) = if \x\ > g(t) and 
(7.7) ]im\\ux(t)-u oo (t)\\ oo = 0. 

A^oo 

Moreover, g(t) — > as t — > 0. 

Taking Lemma 17.21 for granted, we see that (17.6j) and Lemma 17.21 imply that 
Uoo(x, 0) = for x 7^ since g(t) — ► as t — > 0. We set £ := — Woo(0, 0), so that 

Moo (x,0) = 1 {0} (x), 

and fix (x, t) e 1R x (0, oo). We will now proceed along the lines of [24J to show 
that Uoo(x,t) = Ze(x,t) (recall that Zi is defined in (I2.17P ). Introducing the notation 
H := (q-l) q- q /( q -V f-Vfe-i), i t follows from (ES) and Lemma O that, for < a < r 
and \y\ < g(cr), 

u OD (y,cr)+fi\x-y\' ! ^ > Uoo (y, r) + n \x - y^'^ 

> Uoo (0,r)+fx \x\«^-V - co(a) , 

with 

u(a):= sup \u oo (y,T)-u oo (0,r)\+fM sup \\x - y^^ - \x\ q/{q - 1) \ , 
\y\<e(a) \v\<e(<r) 

while, for < o < r and \y\ > g(a), 

u 00 {y,a)+ l i \x-y\ q/{ - q - 1] > 0. 

The previous bounds from below and (17.5p entail that 

u^x.t + a) > min {0, tt^O, r) + /i \x\ q/{q ' 1} -cj(ct)} 

for < a < t. Since g(a) — ► as a — > and G C(M Ar x (0, oo)), we may pass to 
the limit as a — > in the above inequality and obtain 

Uoo (x,t) > min{0,M oo (0,r) +/i l^/M} 

for r > 0. Letting r — ► yields 

«oo(a;,t) > min{0,-£ + /i ^l^^} = Z/(a?,t) . 
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On the other hand, (17. 5p and (17.61) ensure that 

Uoo (x,t + T)< inf {u oo (y,0)+i2\x-y\ q/iq - 1) } = Z e (x,t), 
y m N 

whence u^x, t) < Zt(x,t) by the continuity of in x (0, oo). We have thus 
shown that Mqo = Zg. In particular, ||Moo(^)||oo = ^ for t > 0. But (I2.15P and (17. 7p 
imply 

||"Uoo(*)||oo = lim ||ma(*)||oo = hm ||u(A 9 t)||oo = , 

A— >oo A^oo 

whence £ = and Uqo = Zm x - For t > 0, the sequence (u\(t)) has thus only one 
possible cluster point in L°°(R ) as A — > oo, from which we conclude that the whole 
family (u\(t)) converges to Z Moo (t) in L°°(M. N ) as A — > oo. In particular, for t — 1, 

hm ||« A (l)-^ oo (l)|| oo = 0. 

A^oo 

Setting A = t l l q and using the self-similarity of Zm^, we are finally led to (12.1 6ft . 

STEP 2. We now consider an arbitrary function m G Cq(M. n ) fulfilling (I2.8P and such 
that (12.151) holds true. There is a sequence (tig) of non-positive functions in C%°(M. N ) 
such that 

itg — > uq in L°°(R N ) . 
For n > 1, we denote by u n the solution to (11.11) with initial datum and put 

M^:= hm |K(*)||oc 

By [171 Corollary 4.3], we have 

\\u n (t) -u(*)||oo < IK -«o||oo for *>0, 
from which we readily deduce that 

lAC-M^I < |K-Wo||oo. 

Consequently, — > M ro as n — ► oo and (12.151) guarantees that > for n large 
enough. The analysis performed in the previous step then implies that 

lim \\u n (t)-Z M n o (t)\\ 00 = U 

t — >oo 

for n large enough. Therefore, 

\\ U (t) -Z Moo (t)||oO < \Ht) - U "(t)|| 00 + || U "(t) -Z M n(t)||oO 

< ||< " Wolloo + |K(t) " Z M „ (*)||oo + \MZ ~ M oo\ 

< 2 |K-« ||oo+ \\u n (t) -Z M »(t)||oo, 
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whence 

limsup \\u(t) - Z Moo (t)|U < 2 ||wq - «o|U 

for n large enough. Letting n — > oo then completes the proof of Theorem 12.61 □ 

Proof of Lemma [7~2l Let /i be a non-positive function in C£°(R) such that h (y) = 
— \\uq\\oc if 2/ £ ( — Rq,Ro) (recall that uo is compactly supported in B(0,R Q )). We 
denote by h the solution to the one-dimensional viscous Hamilton-Jacobi equation 

ht — h yy + \hy\ q = in 1 x (0, oo) , 
h(0) = h in R. 

For i G {1, . . . , iV} and (x, t) G R^ x (0, oo), we put h l (x, t) := h(xi, t) and notice that 
h l is the solution to fll.lfl with initial datum h l (0) < uq. The comparison principle then 
entails that 

(7.8) h(x h t) = h\x,t) < u{x,t) < 0, (x, t) G M. N x (0, oo) . 

We next introduce w := h y and notice that w is the solution to the one-dimensional 
convection-diffusion equation 

(7.9) w t -w yy + (\w\ q ) y = in lx(0,oo), 

w(0) = Wo := h ^ y in R. 

The comparison principle then entails that 

(7.10) b{y,t)<w(y,t)<a(y,t), (y, t) G R X (0, oo) , 

where 6 < and a > denote the solutions to (17. 9p with initial data 6(0) = — Wq < 
and a(0) = Wq > 0. Since w G -/^(R), it follows from [T5] that 

(7.11) lim ||6(t)-E_ B (t)||i= lim \\a{t) - = , 

where -B := ||fe(0)||i, A := ||a(0)||i, and, for M G R, Em is the source solution to the 
one-dimensional conservation law 

Z M ,t + (\X M \% = in Rx (0,oo), 
E(0) = M 5 in R . 

Here, 5 denotes the Dirac mass in R centered at y = 0. The source solution S M is 
actually given by 

X M (y,t) := y 1 "*-** (qt)- 1 ^ l [0 ,^ (t)] (y) , £ M (f) := 9 ^— jj , 
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-M N {q ~ 1)/q 



if M > 0, and 

E M (y,t) := -|y|V(9-i) (giJ-Vta-U l { _ m[{m ( y ) , := g i^^J t 1 ^ 

if M < (see, e.g., [22J). In particular, S M satisfies 

(7.12) \T JM {\y,\n) = T, M {y,t) for (A, y, t) G (0, oo) x 1 x (0, oo) . 
Now, let t > and set 

f?(t) := N 1 ' 2 max{U(t),V-B(t)} < C t 1/q . 

If x G is such that |x| > £>(t), there is i G {1, . . . , iV} such that \x{\ > max {£a(£), r/_s(i)}, 
whence either > or Xj < —T]-b{£)- In the latter case, we infer from (17. 8ft . (IT. lOf) 
and (I7TT2D that 

/•Xxi 

0>u x (x,t) > h(\xi,X q t)= / w(y',X q t)dy' 



> X / b(Xy',Xn)dy' 



> X / (&(Ay', A 9 t) - E_ B (Ay', A 9 t)) dy' 

•/ — oo 

> -Wib-E^ixn)^. 

Similarly, if x { > (USD, (ITTTUD and (l7~T2l yield 

0>« A (x,t) > -||(o-E A )(A^)||i. 

Therefore, if x E R N is such that \x\ > £?(£), then 

(7.13) \u x (x,t)\ < max{||(a - E A )(XH)\\ h \\(b - £_ fl )(A*f)||i} . 

Passing to the limit as A — > oo in (17.131) and using (17.31) and (17.111) provide the first 
assertion of Lemma 17721 We next use once more (17.31) and (17.13ft to conclude that (17.7ft 
holds true. □ 

Proof of Proposition 12.11 We keep the notations of the proof of Theorem [2761 and 
introduce 

U\(x, t) := U\ iX {x, t) = X u x (Xx, X q t) , (x, t) G R x (0, oo) . 
It follows from ( 17. ip and Lemma [7.11 that 

U x ,t + (\U x \ q ) x = X q - 2 U x>xx , (i,t)ERx (0, oo) , 



Viscous Hamilton-Jacobi equations 



31 



and 

(7.14) ||EM*)||i<K*||i and t 1 ^ ||C7 A (*)||oo < C 

for t > 0. We recall that, by Theorem 12.61 the family (u\) converges towards Zm^ in 
C(R N x [ti,h]) for any t 2 > h > 0. Owing to (|7Ti)L we readily conclude that (C/ A ) 
converges weakly-* towards Zm^^x i n -^^(M^ x (ti,^)) f° r am/ ^2 > ^1 > 0. We may 
then proceed along the lines of p3J Section 3] to show that (U\) converges towards 
Zm x ,x in I/^R) as A — > 00. Expressing this convergence result in terms of U = u x and 
using (13.11) yield Proposition 12.11 by interpolation. □ 
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